Abstract. We give a survey on the fundamental group of surfaces isogenous to a higher product. If the surfaces are regular, e.g. if they are Beauville surfaces, the first homology group is a finite group. We present a MAGMA script which calculates the first homology groups of regular surfaces isogenous to a product.
Introduction
One aim of this note is to give an overview of what is known about the fundamental groups and more specifically about the first homology groups of Beauville surfaces and of their generalizations. In particular, we wrote a MAGMA script which calculates the torsion group of Beauville surfaces, or more generally of regular surfaces isogenous to a higher product.
Fundamental groups of algebraic varieties are a very interesting area of research and they are still quite mysterious objects, since usually it may be very hard to determine them. On the other hand, if one can calculate them in some specific cases (e.g., for surfaces of general type) they are a powerful tool to conclude that two surfaces (of general type) are not contained in the same connected component of their moduli space.
Here we will restrict ourselves to the following situation: let C 1 and C 2 be projective algebraic curves of respective genera g 1 , g 2 at least 2 and let G be a subgroup of the automorphism group Aut(C 1 × C 2 ). We denote by X the quotient (C 1 × C 2 )/G; when X is singular, we denote by S the minimal resolution of singularities of X.
We define G 0 := G∩(Aut(C 1 )×Aut(C 2 )). Then (compare [Cat00] for this and the following assertions) G 0 is a subgroup of index at most 2 inside G < Aut(C 1 × C 2 ) and acts on each factor and "diagonally" on the product C 1 × C 2 (i.e., for each γ ∈ G 0 , we can write γ = (γ 1 , γ 2 ), and γ(x 1 , x 2 ) = (γ 1 (x 1 ), γ 2 (x 2 ))). By [Cat00] , it is always possible to assume that G 0 acts faithfully on both factors: in this case we say that (C 1 × C 2 )/G is a minimal realization, and this minimal realization is moreover unique. From now on we shall assume that we have indeed a minimal realization. Then (see [Cat00] ) there are two cases.
The mixed case is the case where the action of G exchanges the two factors: in this case C 1 ∼ = C 2 and G 0 ✁ 2 G. The unmixed case is the case where G = G 0 , and its two projections into Aut(C j ), j = 1, 2, are injective. Identifying then G to a subgroup G ⊂ Aut(C j ), for j = 1, 2, we say that G acts diagonally: this means that we view G as the diagonal subgroup inside G × G ⊂ (Aut(C 1 ) × Aut(C 2 )) . In the unmixed case, S is called a product-quotient surface and X is its quotient model ; while in the mixed case, S is a mixed surface and X is a mixed quotient.
In this note we want to focus on the unmixed case, so from now on we implicitly assume that G = G 0 . Some of the results can be extended/generalized to the mixed case, but the approach is slightly different. We refer to [Fra13, FP13] for further details.
In the first section we describe product-quotient surfaces and the algebraic data which determine them. In the second section we comment on the results on the fundamental group of product-quotient surfaces and their higher-dimensional analogues. The third section is dedicated to the description of a MAGMA script which, given as input a finite group G and two ordered tuples
has as output
• one representative surface S = (C 1 × C 2 )/G for each irreducible connected component of the moduli space, where G is acting freely with signatures (T 1 , T 2 ), • for each such representative, the first homology group H 1 (S, Z) of S.
Finally, in the last section, we show several concrete and explicit calculations, obtained through a direct application of our program.
Product-Quotient Surfaces
Let G be a finite group and let S be a product-quotient surface with quotient model X = (C 1 × C 2 )/G. If G acts freely, then X is smooth, and we have the following: Definition 1.1. A surface S is said to be isogenous to a (higher) product if S is the quotient (C 1 × C 2 )/G, where g i := genus(C i ) ≥ 2, and G is a finite group acting freely on C 1 × C 2 .
The word "higher" means that the respective genera of C 1 , C 2 are ≥ 2, in particular this implies that S is of general type (and with ample canonical divisor). However, for commodity, from now on we shall drop the word "higher".
In the last years, a huge amount of new surfaces of general type with p g = q have been constructed as the quotient of a product of two curves by the action of a finite group; see [BC04, BCG08, BCGP12, BP12, BP13, Fra13, FP13] for p g = 0, [CP09, Pol08, Pol09, MP10, FP13] for p g = 1, [Pen11, Zuc03] for p g = 2.
In particular, we have a complete classification of surfaces isogenous to a product with p g = q. The case where G does not act freely is still open (and particularly difficult in the regular case q = 0), in spite of several results. A difficulty which is peculiar of the regular case is that the following can happen: the minimal resolution S of singularities X may not be minimal surface. Up to now there are almost no techniques to decide whether there are exceptional curves of the first kind (i.e., smooth rational curves with self intersection (−1)) on S and how to find them explicitly (cf. [BP13] ).
The description of product-quotient surfaces is accomplished through the theory of Galois coverings between projective curves (also named "Riemann surfaces"). Definition 1.2. Let g ≥ 0 and m 1 , . . . , m r > 1 be integers. The orbifold surface group of signature (g; m 1 , . . . , m r ) is defined as:
Given a finite group H, a generating vector for H of signature (g; m 1 , . . . , m r ) is a (2g + r)-tuple of elements of H:
To give a generating vector of signature (g; m 1 , . . . , m r ) for a finite group H is equivalent to give an appropriate orbifold homomorphism ψ : T(g; m 1 , . . . , m r ) −→ H, i.e., a surjective homomorphism ψ such that ψ(c i ) has order m i . Remark 1.3. By Riemann's existence theorem (see [BCP11] ), any curve C of genus g together with an action of a finite group H on it, such that C/H is a curve C ′ of genus g ′ , is determined (modulo automorphisms) by the following data:
where each γ i is a simple geometric loop around p i and
. . , m r ) with the property that Hurwitz's formula holds:
Remark 1.4. Let C be a curve with an action of a finite group H on it and consider the Galois covering c : C → C/H. The appropriate orbifold homomorphism ψ : T(g ′ ; m 1 , . . . , m r ) → H associated to V is induced by the monodromy of the Galoisétale H-covering c 0 : C 0 → C ′0 induced by c, where C ′0 is the curve obtained from C ′ by removing the branch points p 1 , . . . , p r of c, and
h i is called the local monodromy element and generates the stabilizer of a point in c −1 (p i ). We also define
as the set of stabilizers for the action of H on C.
Conversely, a pair (V 1 , V 2 ) of generating vectors of G of respective signatures
In particular, the product-quotient surface can only be rigid (i.e., has no nontrivial deformations), if r = s = 3 and g
If the action is non free, then it can happen that the above family has dimension 0, still the surface is not rigid, i.e., it has non trivial deformations which are no longer product-quotient surfaces.
Instead, if S is isogenous to a product, it follows by the result of the second author below that S is rigid if and only if r = s = 3 and g Cat00] ). a) A projective smooth surface S is isogenous to a product of two curves of respective genera g 1 , g 2 ≥ 2 , if and only if the following two conditions are satisfied: 1) there is an exact sequence
where G is a finite group and where Π g i denotes the fundamental group of a projective curve of genus g i ≥ 2;
2) e(S)(= c 2 (S)) = 4
Any surface X with the same topological Euler number and the same fundamental group as S is diffeomorphic to S and is also isogenous to a product. There is a smooth proper family with connected smooth base manifold T , p : X → T having two fibres respectively isomorphic to X, and Y , where Y is one of the 4 surfaces S = (
c) The corresponding subset of the moduli space of surfaces of general type
, corresponding to surfaces orientedly homeomorphic, resp. orientedly diffeomorphic to S, is either irreducible and connected or it contains two connected components which are exchanged by complex conjugation.
In particular, if S ′ is orientedly diffeomorphic to S, then S ′ is deformation equivalent to S or to S. Definition 1.7. Let S = (C 1 × C 2 )/G be a surface isogenous to a product. S is called a Beauville surface if r = s = 3 and g(C 1 /G) = g(C 2 /G) = 0.
A corollary of the above Theorem 1.6 (see [Cat00] ) is that a Beauville surface is rigid, it has no nontrivial deformations.
Remark 1.8. Observe that, by [Cat89] (cf. also [Ser96] ), if S → X := (C 1 × C 2 )/G is a product-quotient surface, then q(S) = g(C 1 /G) + g(C 2 /G). Therefore, any Beauville surface is regular.
The concept of Beauville surfaces was introduced by the second author in 1997, and their global rigidity was shown in [Cat00] . They were first systematically studied in [BCG05] , where the connection between the algebro-geometric background and the group theoretic description was explained in more detail, many new examples were constructed, and a lot of conjectures were presented. Quite a number of these conjectures have been solved in the meantime and there exists a substantial literature on Beauville surfaces nowadays, which is reflected by the several contributions to the present volume.
The fundamental group
Let S := (C 1 × C 2 )/G be the minimal realization of a surface isogenous to a product: then the surface C 1 × C 2 is a Galoisétale covering space of S with group G and we have already observed (in Theorem 1.6) that the fundamental group of S sits into an exact sequence
If one drops the assumption about the freeness of the action of G on the product C 1 × C 2 , there is no reason that the behaviour of the fundamental group of the quotient should be similar to the above situation. Nevertheless, in the unmixed case, it turns out that the fundamental group π 1 (X) admits a very similar description.
Definition 2.1. We call the the fundamental group Π g := π 1 (C) of a projective curve of genus g a (genus g) surface group.
Theorem 2.2 ([BCGP12]
). Let C 1 and C 2 be projective curves of genus at least 2 and let G be a finite group acting on each C i as a group of automorphisms and diagonally on the product C 1 × C 2 .
Let S be the minimal desingularization of X := (C 1 × C 2 )/G. Then the fundamental group π 1 (X) ∼ = π 1 (S) has a normal subgroup N of finite index which is isomorphic to the product of surface groups, i.e., there are integers
Remark 2.3. 1) The previous theorem holds also in dimension n ≥ 3, see [BCGP12] and [DP12] . 2) In the case of surfaces isogenous to a product we have that h i equals the genus of C i , for i = 1, 2.
Especially the case of infinite fundamental groups is the one where the above structure theorem turns out to be extremely helpful in order to give an explicit description of these groups. As we will explain in the sequel, it is easy to get a presentation of the fundamental group of a product-quotient surface. But, in general, a presentation of a group does not say much about the group. Even the problem whether it is trivial or not is in general an undecidable problem. Here, since we know that π 1 is a "surface times surface by finite" group, we go through its normal subgroups of finite index until such a subgroup N appears.
We recall now how to compute the fundamental group of a product-quotient surface S → X = (C 1 × C 2 )/G starting from the associated algebraic data:
Remark 2.4. The kernel of ψ i is isomorphic to the fundamental group π 1 (C i ), and the action of π 1 (C i ) on the universal cover u :Ĉ i → C i extends to a properly discontinuous action of
There are two short exact sequences:
We define the fibre product
The exact sequences in (2.1) induce then an exact sequence:
Definition 2.5. Let H be a group. Then Tors(H) is the normal subgroup generated by the torsion elements of H (i.e., the elements of finite order in H).
Proposition 2.6 ([BCGP12, Proposition 3.4]).
Let S → X = (C 1 × C 2 )/G be a product-quotient surface and let
be the associated appropriate orbifold homomorphisms. Then
A very special and theoretically easy case is:
Corollary 2.7. Let S = (C 1 × C 2 )/G be a surface isogenous to a product. Then π 1 (S) = H and H 1 (S, Z) = H ab .
In the literature there are several articles on the construction and classification of surfaces birational to the quotient of a product of curves; we have already cited most of them. In some cases the authors provide a computer-script to compute the fundamental group (or the first homology group) of the surfaces they study.
Nevertheless, in this note we take the opportunity to give a simple algorithm in the special case, which includes the case Beauville surfaces, where S = (C 1 × C 2 )/G is a regular surface isogenous to a product (equivalently , g
We now recall how to determine whether two regular surfaces isogenous to a product of unmixed type are deformation equivalent (cf. [BC04, BCG08] ).
By Remark 1.8, and as observed above, S regular means that C i /G ∼ = P 1 , i = 1, 2. We denote by B(G; T 1 , T 2 ) the set of disjoint pairs (V 1 , V 2 ) of spherical systems of generators of G of respective signatures T 1 and T 2 .
Let V = [h 1 , . . . , h r ] be a r-tuple of elements of G and 1 ≤ i ≤ r. We consider the usual Hurwitz move σ i (V ) defined by
It is well known that σ 1 , . . . , σ r generate the braid group on r letters B r , and that B r maps spherical system of generators to spherical system of generators, and preserving the signature. Also the automorphism group Aut(G) of G acts on the set of spherical systems of generators of a fixed signature by simultaneous application of an automorphism ϕ to the coordinates of a r-tuple: ϕ(V ) := [ϕ(h 1 ), . . . , ϕ(h r )]. We get the following action of B r ×B s ×Aut(G) on B(G; T 1 , T 2 ): let (γ 1 , γ 2 , ϕ) ∈ B r ×B s ×Aut(G) and (V 1 , V 2 ) ∈ B(G; T 1 , T 2 ), where T 1 has length r and T 2 has length s, we set
We denote this action by H.
Theorem 2.8 (cf. [BCG08, Theorem 5.2]). Let S and S
′ be two regular surfaces, both isogenous to a product of unmixed type, and with associate pairs of spherical system of generators (V 1 , V 2 ), respectively (V Remark 2.9. Given a finite group G and two signatures T 1 and T 2 of length r and s, it is then work for a computer to determine B(G; T 1 , T 2 ), its orbits for the H-action and the first homolgy group H 1 (S, Z) of the associate surfaces S.
We have written a MAGMA script (see Appendix A) which takes as input G, T 1 and T 2 , and returns as output a representative (V 1 , V 2 ) ∈ B(G; T 1 , T 2 ) for each H-orbit, together with the first homology group H 1 (S, Z) of the associate surface S. The outline of the script is the following:
• Step 1: we compute all the spherical systems of generators of G of respective signatures T 1 and T 2 and we collect them in orbits for the action of the braid group B r (resp. B s ).
• Step 2: we discard the pairs of orbits of non-disjoint spherical systems of generators.
• Step 3: the remaining pairs yield surfaces isogenous to a product. We consider the action of Aut(G) on them, hence we get the H-orbits in B(G; T 1 , T 2 ). Observe that indeed it suffices to consider only the action of Out(G), since the Inn(G)-action was already taken care of in the first step.
• Step 4: we run over the outputs of Step 3 and we compute their first homology group H 1 (S, Z).
Some applications
Surfaces isogenous to a product of unmixed type with p g = 0 have been classified in [BCG08] . We run our script for these surfaces and we get:
Theorem 3.1. Let S = (C 1 × C 2 )/G be a surface isogenous to a product of unmixed type, with p g (S) = 0, then G is one of the groups in the Table 1 and the signatures are listed in the table. The number N of components in the moduli space, their dimension D and the first homology group of S are given in the last three columns. Table 1 .
Remark 3.2.
(1) In a previous paper [BC04] (containing the classification of surfaces isogenous to a product of unmixed type with p g = q = 0 and G abelian) there is a mistake, an erroneous statement about commutators in a product. The error resulted into finding only a proper quotient of the actual first homology group.
(2) The correct calculation of the first homology group was done more than one year ago by the first author, who used a MAGMA script to find the correct answer.
(3) Another correction to do to [BC04] is that the authors forgot the possibility of swapping factors, hence there is only one isomorphism class of surfaces in the case G = (Z 5 ) 2 . (4) Our computer calculations confirm the result of the paper [Sha13] , dedicated to the calculation of the first homology groups of surfaces isogenous to a product of unmixed type with p g = q = 0 and G abelian.
In [Gle13] , the author classifies the regular surfaces isogenuos to a product of unmixed type with χ(O) = 2; in particular he classifies the unmixed Beauville surfaces with p g = 1. Applying our program we get the following: Theorem 3.3 (cf. [Gle13] ). Let S = (C 1 × C 2 )/G be a Beauville surface of unmixed type, with p g (S) = 1. Then G is one of the groups in Table 2 and the signatures are listed in the table. The number N of components in the moduli space and the first homology group of S are given in the last two columns. Table 2 .
Let G = PSL(2, q), where q and is a prime power and q ≤ 9. For q ≤ 5, no group has a disjoint pair of spherical generators (see [BCG05] ), while in the other cases the "admissible" pairs of signatures are classified (see [Gar10] ). The outputs of our script are collected in Table 3 . We use the same notation of the previous tables and we add a column reporting the Euler characteristic χ(O S ). Table 3 .
In Table 4 , we collect the outputs in some other easy cases: G ∈ {S 5 , S 6 , (Z 7 ) 2 }. One can prove (using a simple MAGMA script), that if X = (C 1 × C 2 )/G is a Beauville surface with G ∈ {S 5 , S 6 , (Z 7 ) 2 }, then its signature (T 1 , T 2 ) is in Table 4 . 
